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We consider the Bresse system in a bounded domain (0, L) ⊂ R1. The system has an
indeﬁnite damping mechanism, i.e. with a damping function a = a(x) possibly changing
sign, presented only in the equation for the rotation angle. We shall prove that the system
is still exponentially stable under the same conditions as in the positive constant damping
case, and provided a¯ = 1L
∫ L
0 a(x)dx > 0 and ‖a − a¯‖L2 < , for  small enough. In the
arguments, we shall also give a new proof of exponential stability for the constant case
a = a¯.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
In this paper we consider the Bresse system with indeﬁnite damping mechanism presented only in the equation of the
system. More speciﬁcally we will consider the following system
ρ1ϕtt − k(ϕx + ψ + lw)x − k0l(wx − lϕ) = 0 in ]0,∞[ × ]0, L[, (1.1)
ρ2ψtt − bψxx + k(ϕx + ψ + lw) + a(x)ψt = 0 in ]0,∞[ × ]0, L[, (1.2)
ρ1wtt − k0(wx − lϕ)x + kl(ϕx + ψ + lw) = 0 in ]0,∞[ × ]0, L[, (1.3)
where the constants ρ1, k, ρ2, b, l, k0 are positive. We consider the following initial conditions
ϕ(0, ·) = ϕ0, ϕt(0, ·) = ϕ1, ψ(0, ·) = ψ0, ψt(0, ·) = ψ1,
w(0, ·) = w0, wt(0, ·) = w1,
and Dirichlet–Neumann–Neumann boundary conditions
ϕ(t,0) = ϕ(t, L) = ψx(t,0) = ψx(t, L) = wx(t,0) = wx(t, L) = 0 in ]0,∞[. (1.4)
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kinds of the dissipative mechanism. For example, in [7] Z. Liu and B. Rao consider the Bresse system with two different
dissipative mechanisms, given by two heat equations, non-dissipative coupled to the system. In [9] the authors consider
the Bresse system with thermal dissipation effective in one equation of the system. Regarding the non-dissipative case with
indeﬁnite a we can mention the works of Chen et al. [3], Freitas [4], Freitas and Zuazua [5], Benaddi and Rao [1], Liu and
Rao [6], Menz [8], Muñoz and Racke [10] among others.
Our main result is to prove that the system (1.1)–(1.4) is exponentially stable when a veriﬁes (1.5) and ‖a− a¯‖L2 is small





and k = k0. (1.6)
The method we use to show the exponential stability is based on Gearhart–Herbst–Prüß–Huang theorem to dissipative
systems and ﬁxed point arguments.
Theorem 1.1. Let S(t) = eAt be a C0-semigroup of contractions on Hilbert space. Then S(t) is exponentially stable if and only if
ρ(A) ⊇ {iβ: β ∈R} ≡ iR
and
lim|β|→∞
∥∥(iβ I − A)−1∥∥< ∞
hold, where ρ(A) is the resolvent set of A.
To no dissipative systems we used the following result
Theorem 1.2. Let S(t) = eAt be a C0-semigroup on Hilbert space. Then S(t) is exponentially stable if and only if
ρ(A) ⊇ {λ: Reλ 0}
and ∥∥(λI − A)−1∥∥< M for all Reλ 0
hold, where ρ(A) is the resolvent set of A.
The paper is organized as follows. In Section 2 we will formulate the semigroup setting. In Section 3 we will show the
exponential stability.
2. The semigroup setting
We rewrite the initial–boundary value problem (1.1)–(1.4) as a ﬁrst-order system for U := (ϕ,ϕt ,ψ,ψt ,w,wt)′ , where
the prime is used to denote the transpose. Then U satisﬁes
Ut = AU , U (0) = U0, (2.1)




0 1 0 0 0 0
k/ρ1∂2x − k0l2 I/ρ1 0 k/ρ1∂x 0 (k + k0)/ρ1l∂x 0
0 0 0 1 0 0
−k/ρ2∂x 0 b/ρ2∂2x − k/ρ2 I −a(x)/ρ2 I −kl/ρ2 I 0
0 0 0 0 0 1




We introduce the Hilbert space
H := H10(0, L) × L2(0, L) × H1∗(0, L) × L2∗(0, L) × H1∗(0, L) × L2∗(0, L)
with
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{
f ∈ L2(0, l);
L∫
0
f dx = 0
}
,
H1∗(0, L) = H1(0, L) ∩ L2∗(0, L),






ρ1|Φ|2 + ρ2|Ψ |2 + ρ1|W|2 + b|ψx|2 + k|ϕx + ψ + lw|2 + k0|wx − lϕ|2 dx.
Then A, formally given in (2.2), with domain
D(A) := {U ∈ H ∣∣ ϕ ∈ H2(0, L) ∩ H10(0, L), Φ ∈ H10(0, L), Ψ,W ∈ H1∗(0, L), ψx,wx ∈ H10(0, L)},
generates a semigroup {et A}t0. We observe that for a solution (ϕ,ψ,w) to (1.1)–(1.4) and the corresponding U , the norm






ρ1|Φ|2 + ρ2|Ψ |2 + ρ1|W|2 + b|ψx|2 + k|ϕx + ψ + lw|2 + k0|wx − lϕ|2
)
(t, x)dx. (2.3)





0 1 0 0 0 0
k/ρ1∂2x − k0l2 I/ρ1 0 k/ρ1∂x 0 (k + k0)/ρ1l∂x 0
0 0 0 1 0 0
−k/ρ2∂x 0 b/ρ2∂2x − k/ρ2 I −a¯/ρ2 I −kl/ρ2 I 0
0 0 0 0 0 1





The stability of the system (1.1)–(1.4) is based on the result [2], which proves the exponential stability for the constant
coeﬃcients case.





and k = k0.
Remark 3.2. In view of Theorem 1.2 the resolvent operator for constant coeﬃcients veriﬁes∥∥(λI − Ac)−1∥∥ c ∀Reλ 0.
Let F ∈ H and U ∈ D(A). We introduce the resolvent equation
(λ − A)U = F
which is equivalent to solving
(λ − Ac)U = F + (A − Ac)U
= F − (a − a¯)BU , (3.1)




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1/ρ2 I 0 0
0 0 0 0 0 0




If F = (F1, F2, F3, F4, F5, F6)′ and U = (ϕ,Φ,ψ,Ψ,w,W)′ then we rewrite (3.1) as
λϕ − Φ = F1 ∈ H10(0, L), (3.3)
ρ1λΦ − k(ϕx + ψ + lw)x − k0l(wx − lϕ) = ρ1F2 ∈ L2(0, L), (3.4)
λψ − Ψ = F3 ∈ H1∗(0, L), (3.5)
ρ2λΨ − bψxx + k(ϕx + ψ + lw) + a¯Ψ = ρ2F4 − (a − a¯)Ψ ∈ L2∗(0, L), (3.6)
λw −W = F5 ∈ H1∗(0, L), (3.7)
ρ1W− k0(wx − lϕ)x + kl(ϕx + ψ + lw) = ρ1F6 ∈ L2∗(0, L). (3.8)
Replacing Φ , Ψ , W given by (3.3), (3.5), (3.7) into (3.4), (3.6) and (3.8), respectively, and using the Dirichlet–Neumann–
Neumann boundary condition, we get
ρ1λ
2ϕ − k(ϕx + ψ + lw)x − k0l(wx − lϕ) = f1, (3.9)
ρ2λ
2ψ − bψxx + k(ϕx + ψ + lw) + a¯λψ = (a¯ − a)λψ + f2, (3.10)
ρ1λ
2w − k0(wx − lϕ)x + kl(ϕx + ψ + lw) = f3, (3.11)
ϕ(0) = ϕ(L) = ψx(0) = ψx(L) = wx(0) = wx(L) = 0, (3.12)
where
f1 = ρ1(λF1 + F2), f2 = (ρ2λ + a)F3 + ρ2F4, f3 = ρ1(λF5 + F6).
















We introduce the operator Nα such that Nα(g) denotes the solution v of the Neumann problem
vxx − α2v = g, vx(0) = vx(L) = 0, (3.14)
that is,
v = Nα(g).




























Replacing (3.15) in (3.10), we obtain
ρ2λ
2ψ − bψxx + k(ϕx + ψ + lw) + a¯λψ = (a¯ − a)λG(ϕ,ψ,w) + f2 (3.16)
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G(u, v, z) = k
b




(a − a¯)v)− 1
b
Nα( f2).
Let us introduce the operator P
P : H10(0, L) × H1∗(0, L) × H1∗(0, L) −→ H10(0, L) × H1∗(0, L) × H1∗(0, L),
(u, v, z) −→ (ϕ,ψ,w),
where (ϕ,ψ,w) is a solution of
ρ1λ
2ϕ − k(ϕx + ψ + lw)x − k0l(wx − lϕ) = f1, (3.17)
ρ2λ
2ψ − bψxx + k(ϕx + ψ + lw) + a¯λψ = (a¯ − a)λG(u, v, z) + f2, (3.18)
ρ1λ
2w − k0(wx − lϕ)x + kl(ϕx + ψ + lw) = f3, (3.19)
ϕ(0) = ϕ(L) = ψx(0) = ψx(L) = wx(0) = wx(L), (3.20)






ρ1|λu|2 + ρ2|λv|2 + ρ1|λz|2 + b|vx|2 + k|ux + v + lz|2 + k0|zx − lu|2 dx.
Our next step is to prove that the operator P has a ﬁxed point (ϕ,ψ,w) which solves the system (3.9)–(3.12). The following
lemmas are in order to.
Lemma 3.3. Assume ‖a− a¯‖L2 <  , for  > 0 small enough. Under the above notations the ﬁxed point of the operator P deﬁned above
is a solution of the system (3.9)–(3.12).
Proof. Let (ϕ,ψ,w) be this ﬁxed point, and let
ψˆ := G(ϕ,ψ,w) = k
b








ψˆxx − α2ψˆ = k
b
(ϕx + lw) + λ
b
(a − a¯)ψ − 1
b
f2,
ψˆx(0) = ψˆx(L) = 0,
implying
ρ2λ
2ψˆ − bψˆxx + k(ϕx + ψˆ + lw) + a¯λψˆ = λ(a¯ − a)ψ + f2. (3.21)
Since (ϕ,ψ,w) is a ﬁxed point of P , we also have
ρ2λ
2ψ − bψxx + k(ϕx + ψ + lw) + a¯λψ = λ(a¯ − a)ψˆ + f2. (3.22)
We conclude for the difference Ψ := ψˆ − ψ











Using the estimates of Nα (see [11]) we conclude that there are positive constants c1 and c2, such that
|Ψ | c1
∥∥(a − a¯)Ψ ∥∥L1  c1‖a − a¯‖L2‖Ψ ‖L2 ,
where the symbol | · | means the absolute value. Hence
‖Ψ ‖L2  c2‖a − a¯‖L2‖Ψ ‖L2 ,
implying Ψ = 0 when ‖a − a¯‖L2 < 1 , therefore ψˆ = ψ . c2
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ρ1λ
2ϕ − k(ϕx + ψ + lw)x − k0l(wx − lϕ) = 0, (3.23)
ρ2λ
2ψ − bψxx + k(ϕx + ψ + lw) + a¯λψ = (a¯ − a)λG(u, v, z), (3.24)
ρ1λ
2w − k0(wx − lϕ)x + kl(ϕx + ψ + lw) = 0, (3.25)
ϕ(0) = ϕ(L) = ψx(0) = ψx(L) = wx(0) = wx(L) = 0. (3.26)
To prove that P is a contraction we will use the following lemma.
Lemma 3.4. Under the above notations there exists C > 0 such that a solution (ϕ,ψ,w) of the system (3.23)–(3.26) satisﬁes the
following inequality∥∥(ϕ,ψ,w)∥∥
λ





Proof. Considering the system (3.23)–(3.26) and Remark 3.2 we get
∥∥(ϕ,ψ,w)∥∥
λ
= ‖U‖H  C
( L∫
0




Using the estimates of Nα (see [11]) we conclude that there exists a constant C > 0 such that
∣∣Nα(ux + lz)(s)∣∣ C|λ| ‖ux + lz‖L2 , |λ|2∣∣Nα((a − a¯)v)(s)∣∣ C‖a − a¯‖L2‖λv‖L2 .
Thus∣∣λG(u, v, z)(s)∣∣ C∥∥(u, v, z)∥∥
λ
. (3.28)
Combining (3.27) with (3.28) our conclusion follows. 
Lemma 3.5.Under the above notations and if ‖a− a¯‖L2 <  , for  > 0 small enough, then the operator P deﬁned above is a contraction.







(ϕ,ψ,w) = (ϕ1 − ϕ2,ψ1 − ψ2,w1 − w2), (u, v, z) = (u1 − u2, v1 − v2, z1 − z2)
satisﬁes (3.23)–(3.26). Using Lemma 3.4 we get∥∥(ϕ,ψ,w)∥∥
λ










for some 0< d < 1 provided ‖a − a¯‖L2 is small enough. 
Theorem 3.6 (Main result). Assume (1.5) and (1.6). If ‖a − a¯‖L2 <  , for  > 0 small enough, then the semigroup associated to the
system (1.1)–(1.4) is exponentially stable.
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in Lemma 3.3.
Therefore U = (ϕ,λϕ,ψ,λψ,w, λw)′ is the unique solution of (λI − A)U = F
U = (ϕ,λϕ,ψ,λψ,w, λw)′ + (0,−F1,0,−F3,0,−F5)′.
Let U˜ be the solution to (λI − Ac)U˜ = F , i.e.
U˜ = (ϕ˜, λϕ˜, ψ˜, λψ˜, w˜, λw˜)′ + (0,−F1,0,−F3,0,−F5)′.
Note that
(ϕ˜, ψ˜, w˜) = P (0,0,0).
Then we obtain
‖U‖H − ‖U˜‖H  ‖U − U˜‖H =
∥∥(ϕ,ψ,w) − (ϕ˜, ψ˜, w˜)∥∥
λ











Since λ ∈ (Ac) we obtain
‖U˜‖H  C‖F‖H. (3.31)
From (3.30) and (3.31) we get
‖U‖H  C‖F‖H.
Hence∥∥(λI − A)−1F∥∥H  C‖F‖H, ∀F ∈ H,
which implies∥∥(λI − A)−1∥∥H  C, ∀Reλ 0.
Thus, by Theorem 1.2 we obtain the exponential stability. 
References
[1] A. Benaddi, B. Rao, Energy decay rate of wave equations with indeﬁnite damping, J. Differential Equations 161 (2000) 337–357.
[2] F.A. Boussouira, J.E. Muñoz Rivera, D. Almeida Jr., Stability to weak dissipative Bresse system, J. Math. Anal. Appl. 374 (2) (2011) 481–498.
[3] G. Chen, S.A. Fulling, F.J. Narcowich, S. Sun, Exponential decay of energy of evolution equations with locally distributed damping, SIAM J. Appl. Math. 51
(1991) 266–301.
[4] P. Freitas, On some eigenvalue problems related to the wave equation with indeﬁnite damping, J. Differential Equations 127 (1996) 320–335.
[5] P. Freitas, E. Zuazua, Stability results for the wave equation with indeﬁnite damping, J. Differential Equations 132 (1996) 338–353.
[6] K. Liu, B. Rao, X. Zhang, Stabilization of the wave equations with potential and indeﬁnite damping, J. Math. Anal. Appl. 269 (2002) 747–769.
[7] Z. Liu, B. Rao, Energy decay rate of the thermoelastic Bresse system, Z. Angew. Math. Phys. 60 (2009) 54–69.
[8] G. Menz, Exponential stability of wave equations with potential and indeﬁnite damping, Konstanzer Schriften Math. Inf. 224 (2007).
[9] L.H. Fatori, J.E. Muñoz Rivera, Rates of decay to weak thermoelastic Bresse system, IMA J. Appl. Math. 75 (1) (2010) 881–904, doi:10.1093/imamat/
hxq038.
[10] J.E. Muñoz Rivera, R. Racke, Timoshenko systems with indeﬁnite damping, J. Math. Anal. Appl. 341 (2008) 1068–1083.
[11] J.E. Muñoz Rivera, R. Racke, Exponential stability for wave equations with non-dissipative damping, Nonlinear Anal. 68 (1) (2008) 2531–2551,
doi:10.1016/j.na.2007.02.022.
